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This paper documents the lessons learned from fitting the wing weight data of 41 subsonic transports by a semi-

empirical regression model, least polynomial interpolation, radial basis function interpolation, Kriging

interpolation, Gaussian process, and principal component regression using radial basis function interpolation. The

paper discusses various aspects of fitting data to a wing weight model: data scaling, variable selection, principal

component analysis, subjective choice of input variables, interpolationmethods, and verification of constructedwing

weight models. The numerical results show that principal component regression using multiquadric radial basis

function interpolation is capable of capturing physical trends buried in the wing weight data and generates the most

useful wing weight model for conceptual design of subsonic transports among the tested data fitting methods. Even

though the benefits of principal component regression are only demonstrated by the wing weight data fitting

problem, the methodology could have significant advantages in fitting other historical or sparse data.

Nomenclature

A = aspect ratio of wing, i.e., b2=s
b = wing span
cm = mean chord of wing, i.e., s=b
cr = root chord of wing at root
ct = tip chord of wing
f = theoretical wing weight function
g = approximation of f
N = number of data points
n = number of input variables
s = plan area of wing
tr = thickness of airfoil at root
tt = thickness of airfoil at wingtip
tr=cr = thickness-to-chord ratio of airfoil at

root
tt=ct = thickness-to-chord ratio of airfoil at

wingtip
�t=c�m = average thickness-to-chord ratio, i.e.,

�tr=cr � tt=ct�=2
x = column vector of input variables

x1; . . . ; xn
xi = ith component of column vector x
xji = ith component of column vector xj

w = actual wing weight
�w = estimated or calculated wing weight
wto = gross takeoff weight of aircraft
� = wing sweep angle in radians
� = taper ratio of wing, i.e., ct=cr
� = ultimate load factor
�i = estimated standard deviation of variable

xi
’ = radial basis function

Subscripts and Superscripts

i = index for ith component of vector
j = index for data point
k = index for iteration or iterate
T = transpose of vector or matrix

I. Introduction

This paper uses a real-worldwingweight estimation problem as an
example to demonstrate how principal component regression (PCR)
with radial basis function (RBF) interpolation can be used to build
regressionmodels that fit historical data exactly and exhibit desirable
trends between and beyond the data points.

Wing weight estimation is a very important step in conceptual
design of aircraft (see [1], pp. 467–476). Any significant change in an
aircraft concept usually requires resizing of the wings. For example,
replacing aluminum by a stronger composite material will reduce the
weight of the vehicle, which may use a smaller engine, less fuel, and
smaller wings for flying the same mission. Moreover, the vehicle
weight also affects the cruise condition for a subsonic transport, and a
change in the cruise condition usually requires redesign of wing for
better aerodynamic efficiency. The conceptual design process
involves constant reevaluations of wing weights, which requires a
weight estimation model that yields credible results with a minimum
of input burden and execution time.

Every major aircraft manufacturer has its own wing weight
estimationmodels, which are considered proprietary information not
to be shared with the public. Also, weight information of existing
aircraft is not necessarily available to the public. System analysts at
NASA Ames Research Center were able to collect weight
information for 41 subsonic transports including Boeing 747,
Douglas DC-7C, Fokker F-28 twin engine jet liner, and Lockheed C-
130B cargo aircraft (see Fig. 1). This set of weight data allows the
current study of benefits and limitations of using general
approximation methods for building a wing weight estimation
model.

Practical wing weight models for conceptual design are mainly
semi-empirical formulas based on historical data. For example, three
wing weight formulas for fighters, transports, and general aviation
aircraft, respectively, are provided in [1] (see pp. 473–476).
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However, a very useful wing weight formula for one conceptual
design task might be inadequate for another. For example, if a
designer wants to understand how bending material weight and
aeroelastic effect change the wing weight, then a semi-empirical
formula developed by McCullers [2] (see also Eq. (1) in [3]) may be
more useful than the ones in [1].

Besides the changes of design parameters, which may make a
wing weight model inadequate, the credibility of a wing weight
model becomes more questionable as more wing weight data are
available in public. It is always desirable to calibrate an existing
semi-empirical formula so that the calibrated formula could provide
accurate wing weight estimates for the available aircraft data.
However, simple semi-empirical formulas might not be able to
provide accurate wing weight estimates as more and more wing
weight data become available. There are two general methods for
improving the wing weight prediction accuracy: one is to use a
physics-based structural analysis method and another is to use more
complex semi-empirical formulas.

Physics-based wing weight models usually require the develop-
ment of a structure and load analysismethod to estimate the structural
weight of thewing (see, e.g., [3,4]), which could then be calibrated to
a historical structural weight database by using an average correction
factor determined by the wing weight data in the database [4]. A
physics-based wing weight model has the potential of using a sparse
and poorly distributed data set to generate a credible weight
estimation model for conceptual design. However, such a model
relies on structural weight analysis that requires more detailed input
information (such as specific material properties, point mass values
and locations, and load distributions) that may not even be available
at an early stage in the design cycle, ignores nonstructural weight
contributors (such as fasteners), and increases the computational
time by several orders of magnitude. As a result, a physics-based
wing weight model does not necessarily provide more credible
estimates than semi-empiricalmodels. For example, [4] has to use the
following regression model to calibrate the wing weight prediction
model based on beam theory structural analysis:

wcalibrated � 1:7372wcalculated (1)

where wcalculated is the calculated wing weight based on beam theory
structural analysis, wcalibrated is the calibrated wing weight, and the
number 1.7372 is the regression coefficient. Fig. 14 in [4] shows that
there are still significant differences betweenwcalibrated and the actual
wing weight for six out of eight subsonic transports. Needless to say,
the wing weight model based on beam theory alone has more than

70% errors in its prediction for the eight transports in the database.
Another finite-element based wing weight model [3] gives wing
bending material weight values that are different by up to 40% from
the predictions by semi-empirical wing weight models (see Fig. 4 in
[3]). Table 4 in [3] shows about 40% difference between the finite-
element model and a semi-empirical model for wing bending
material weight estimates. Unfortunately, no comparison with real-
world weight data was provided in [3].

Complex semi-empirical formulas are hard to derive andmight not
be more accurate as we will see later. Moreover, a complex semi-
empirical formula could lead to unexpected wrong trend predictions
as its developer might have misconceptions about the complex
interactions among many input variables in the formula.

This paper aims to demonstrate that it is possible to construct a
wing weight approximation that could provide credible wing weight
estimates by using advanced data fitting methods. In particular, we
will show that PCR using multiquadric RBF interpolation is capable
of capturing physical trends buried in the wing weight data of 41
subsonic transports and generates themost usefulwingweightmodel
for conceptual design of subsonic transports among the tested data
fitting methods, including semi-empirical regression methods, least
polynomial interpolation, RBF interpolation, Kriging interpolation,
and Gaussian process.

The paper is organized as follows. Section II shows how the wing
weight data could be used to construct a wing weight estimation
model. Subsections of Section II are devoted to various issues in the
wing weight data fitting process: knowledge-based wingweight data
fitting, forward and backward variable selections, data scaling,
principal component analysis, subjective choice of input variables,
and PCR using RBF interpolation. In Section III, numerical results
are included to show advantages of PCR over other data fitting
methods such as knowledge-based wing weight data fitting, Kriging
interpolation, least polynomial interpolation, and RBF interpolation.
The concluding remarks are given in Section IV. Appendix A
includes the wing weight model generated by the multiquadric PCR
fitting with eight input variables. Appendix B has the sample data
used to construct the RBF interpolant.

II. Wing Weight Data Fitting

A standard data fitting process can usually be decomposed into
four steps: 1) data generation and variable screening, 2) fitting the
data by a linear or nonlinear functionmodel, 3) tuning intrinsicmodel
parameters by using cross-validation, and 4) verification of
constructed approximation. Data generation is mainly for selection

Fig. 1 A variety of subsonic transports in the data set.
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of data sites of the input vector when the corresponding response is
calculated by a computer simulation code, and is not needed for wing
weight data fitting that uses only historical data.

In the following subsections, we describe the wingweight data for
41 subsonic transports (see Fig. 1), analyze the wing weight data by
variousmethods, give a brief review of PCR usingRBF interpolation
for wing weight data fitting, and outline some desirable properties of
wing weight models for conceptual design.

A. Wing Weight Data

Each wing weight data point consists of the actual wing weightw
and relevant configuration parameters: A, b, cm, cr, ct, s, �t=c�m, tr,
tr=cr, tt, tt=ct, wto, �, �, and �. These 15 configuration parameters
can be regrouped in three categories: 1) primary wing geometry
parameters including chord length at root, chord length at tip, span,
reference area, thickness at root, thickness at tip, and sweep angle
(�� j90� ��0j); 2) derived wing geometry parameters including
taper ratio, aspect ratio, mean chord of wing, mean thickness-to-
chord ratio, thickness-to-chord ratio at root, and thickness-to-chord
ratio at tip; and 3) wing structure parameters including gross takeoff
weight of aircraft and ultimate load factor. Figure 2 shows the wing
geometry parameters for a trapezoidal approximation of the actual
wing.

A detailed explanation of these wing parameters can be found in
[1]. Note that some of the parameters are related:

thickness-to-chord ratio at root � tr=cr; b�
������
As

p

cm � s=b; �� ct=cr

thickness-to-chord ratio at tip� tt=ct

2�t=c�m � tr=cr � tt=ct; and s� 1

2
b�cr � ct�

(2)

However, although all the parameter values were collected
independently, some of the formulas in Eq. (2) were violated by the
original data set of the 41 subsonic transports. For example, in some
cases, the recorded taper ratio is not the same as ct=cr and some of the
recorded thickness-to-chord ratios at the root were not the same as
tr=cr. Almost none of the existing data satisfy the relationship
s� 1

2
b�cr � ct�. A careful examination of the data file reveals the

nine source input parameters of the data:A, cr, ct, s, tr, tt,wto,�, and
�. Based on these nine parameter values, six additional parameter
values are generated by the first six formulas given in Eq. (2). We
could not resolve the inconsistency for the last formula in Eq. (2)
because we did not know which parameter among ct, cr, and s is
responsible for the data inconsistency. To overcome this problem,we
assume

cr � ct 	 �cm � �s=b (3)

where � is the average of �cr � ct�=cm values for the known wing
configurations.

One important application of a wing weight model in conceptual
design of aircraft is for trade studies, wherein system analysts try to
understand how the wing weight changes if one or more of the
parameters b, s, tr=cr, �, and � are modified. We shall expand this

set of five parameters to the following set of eight parameters as the
independent variables of wing weight models:

fb; s; tr=cr; �;�; �;wto; tt=ctg (4)

The ultimate load factor and total empty weight wto of aircraft
determine the structural strength of a wing and can significantly
influence the wing weight. In general, tt=ct is believed to have a
marginal effect onwingweight, which is included just to seewhether
the additional detail about a wing could lead to better wing weight
estimation models.

The default set of independent variables does not exclude the use
of other parameters as input variables of a wing weight model. For
example, one can useA, s, �t=c�m,wto,�,�, and� as input variable of
a wing weight model w� w�A; s; �t=c�m;wto; �;��. But we shall
rewrite the wing weight model as

w� w�A; s; �t=c�m;wto; �;��

� w

�
b2=s; s;

1

2
�tr=cr � tt=ct�; wto; �;�

�

Using �� ct=cr and Eq. (3), we obtain the following chord
approximation formulas for cr and ct:

cr 	
�s

b�1� �� and ct 	
�s�

b�1� �� (5)

In this paper, if cr or ct is used as an input variable for a wing weight
model, then we will substitute it by the corresponding chord
approximation formula in Eq. (5) during trade studies.

B. Knowledge-Based Wing Weight Data Fitting

The current practice in semi-empirical regression for wing weight
estimates is based on heuristic regression models that incorporate
some engineering understanding of the weight relationship. For
example, two current semi-empirical regressionmodels for the given
wing weight dataset of 41 subsonic transports are the ratio model:

�w� ��1�� ��2A ��3s ��4��t=c�m� ��5�cos�� ��6 �1� �� ��7�10�3wto� ��8 � (6)

and the geometry model:

�w� �1���2�0:01b��3�10�3s��4�tr��5�0:1cr��6�cos���7

 �0:1ct��8�10�5wto��9 � (7)

where�1; . . . ; �9 or ��1; . . . ; ��8 are determined by least squares fitting
of the data. The engineering intuition behind these wing weight
models is that the wingweight is amonotone function with respect to
each of the configuration parameters in the model and its range is
from 0 to1. Note that real-world wing weight has a finite range and
it seems unrealistic to allowwingweight to have a range from0 to1.
However, during conceptual design, it is not clearwhat combinations
of design variables lead to practical concepts. As a consequence,
optimization or design exploration methods for conceptual design
will generate unrealistic configurations. A useful wing weight model
should assign unrealistically large values to those unrealistic
configurations so that theywill be eliminated as undesirable concepts
during optimization or design exploration process. Of course, if the
maximum wing weight for any potential subsonic transport is
known, then one could simply limit the wing weight range to the
known value even if the estimated wing weight is greater than the
known value.

The wing weight models (6) and (7) are based on system analysts’
knowledge of subsonic transports and it is nontrivial to derive similar
empirical regressionmodels for other types of aircraft.Moreover, the
models are not flexible enough to fit the wing weight data for the 41
subsonic transports. Figure 3 shows more than 10% errors in the
wing weight estimation by the best fit of each of these two semi-
empirical wing weight models.

Fitting the wing weight data by either the ratio model (6) or the
geometry model (7) is a nonlinear least squares problem that mayFig. 2 Airplane wing geometry parameters.
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have many local optimal solutions. The best fitting most likely
depends on the initial choice of the regression parameters �1; . . . ; �9

or ��1; . . . ; ��8 and Fig. 3 shows the best fitting computed by the
nonlinear optimization code lsqnonlin in MATLAB after several
trials with various initial guesses. Even though the geometry model
(7) is an attempt to find a more accurate regression model than the
ratio model (6) by increasing the degree of freedom in fitting model,
there is no decisive advantage of one model over the other model if
the goodness-of-fit is the comparison criterion: the maximums of
relative fitting errors are 56.44% and 57.55% for the geometrymodel
and the ratiomodel, respectively. This further illustrates the difficulty
of getting accurate regression models of historical data based on
expert intuitions.

It is important to provide analysts with useful information about
the prediction behaviors of these wing weight models (instead of
fitting errors) between and beyond the data points, that helps analysts
choose an appropriate prediction model for the conceptual design
trade study at hand. Later on,we shall see that the geometrymodel (7)
may provide undesirable trends for trade studies.

C. Variable Selection

A standard variable screening/selection process identifies a subset
of the input variables x1; . . . ; xn that have significant influences on
the response f�x�. In other words, if the change of f�x�with respect
to a variable xi is negligible, then remove xi from the input vector.

For the wing weight data fitting problem, variable screening
methods (see, e.g., [5]) that require the values of the response at
specific input sites are not applicable. The main effects estimate
method, used by Tu and Jones [6], generally requires a uniform
distribution of the existing input data vectors in a rectangular domain
of the input space, whereas the forward or backward variable
selection method (see, e.g., [7,8]) is mainly to determine the
explanatory power of input variables of linear regression models
(such as polynomial models). In general, these variable screening
methods cannot be applied to identify important input variables for
nonlinear wing weight models based on the historical wing weight
data. Rech et al. [9] proposed a variable selection technique based on
polynomial approximations of the nonlinear regression model, but
this method only works well when the response can be approximated
by a low-degree polynomial. Moreover, their rule-of-thumb is that
there are at least about four times asmany observations as the number
of the coefficients in polynomials. For the case of 41 wing weight
data points and eight variables, this rule-of-thumb leads to poor linear
polynomial approximations of the wing weight models (6) and (7),
rendering the nonlinear variable selection technique unsuitable for
variable selection for the nonlinear models (6) and (7).

However, the forward and backward variable selection methods
can be formally applied to the ratio model (6) and the geometry

model (7) for variable screening. If the adjusted sample coefficient of

determination ( �R2) is used to measure the proportion of the total
variation in y1; . . . ; yN explained by a given model, then the
corresponding forward variable selection procedure starts with no
variable in the model, and variables are added one by one into the
model in such a way that the added variable yields the most
significant increase of the adjusted R2 value of the “expanded”
model. For the backward variable selection, start with the model
using all the variables and eliminate variables one by one from the
model in such a way that the deleted variable yields the least
significant decrease of the adjustedR2 value of the “reduced”model.

For illustration purpose, we use the backward variable selection to
check if any input variable in the geometry model (7) is insignificant
for wing weight prediction. For convenience, relabel the eight
variables in Eq. (7) as x1; . . . ; xn (with n� 8).

1. Backward Variable Selection

1) Let g�x� be the least squares fit of the wing weight data by the
geometry model (7).

2) Let g�i�x�i� be the least squares fit of the data by the simplified
geometry model obtained by setting the exponent of the term related
to xi as zero in Eq. (7).

3) Compute the adjusted sample coefficients of determination ( �R2

and �R2
�i) for g and g�i (i� 1; . . . ; n):

�R 2 � 1� �N � 1�PN
j�1�yj � g�xj��2

�N � n�PN
j�1�yj � ave�y��2 and

�R2
�i � 1 � �N � 1�PN

j�1�yj � g�i�xj�i��2
�N � n� 1�PN

j�1�yj � ave�y��2

4) If the difference in adjusted sample coefficients of

determination �R2
�i � �R2 � �R2

�i is nonpositive for some i, then the
corresponding variable xi could be removed from the input vector
and the simplified geometry model would have (n � 1) variables.

5) Repeat the process with the simplified geometry model until the
number of input variables becomes desirable or all �R2

�i is greater
than 0.

It is heuristic to use the adjusted R2 in variable selection. Other
metrics can also be used for variable selection (see, e.g., [7,8]). For
wing weight fitting by the geometry model, the backward variable
selection identifies the ultimate load factor � as an insignificant
variable (see Fig. 4). In fact, if� is removed from the geometrymodel
(7), then the least squares fitting error only increases to 1:8397 
 108

from 1:8364 
 108. Furthermore, removing both � and ct from the
geometry model (7) only increases the least squares fitting error to
1:8573 
 108, less than 1% increase of the least squares fitting error
by the geometry model (7). In contrast, removing any input variable
(except � and ct) increases the least squares fitting error by at least
6%. It is interesting that the insignificance of � is actually due to the
fact that the values of � for civil transports are mandated by FAA
regulation, not a design variable determined by engineers. The
reason for including� as a design variable is a legacy inherited from
military aircraft weight estimation practices, where � is a common
parameter in the design tradeoff and there is considerably greater
variation in the values of�. Also, as expected, ct has little impact as it
is mostly an aerodynamic, not structural, consideration.

It is worth pointing out that two-dimensional plots of the response
with respect to input variables are always helpful to understand how a
particular input variable affects the response. Figure 5 shows the
relationships of wing weight w with respect to each of the 15
configuration parameters except �t=c�m. Note that 26 subsonic
transports have the same� value of 3.75, also suggesting that the data
do not have much information about the relationship betweenw and
�.

D. Data Scaling

Onemight wonder why the configuration parameters are scaled in
Eqs. (6) and (7). Theoretically, we can rewrite these two equations
without scaling. For example,

Fig. 3 Regression errors of wing weight fitting by the ratio model (6)

and the geometry model (7).
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�1���2�0:01b��3�10�3s��4�tr��5�0:1cr��6�cos���7 �0:1ct��8

�10�5wto��9 �� �̂1���2b�3s�4�tr��5�cr��6�cos���7�ct��8�wto��9 �

where �̂1 � �10:01
�310�3�40:1�6 0:1�810�5�9 . However, the un-

scaled geometry model will cause ill-conditioning problems for a
nonlinear least squares method to solve the wing weight data fitting
problem.

Instead of using heuristic scaling approaches as in Eqs. (6) and (7),
we can scale each component xi by an estimation of its standard
deviation �i calculated from the data:

�i �

�������������������������������������������P
N
j�1

h
xji � ave�xi�

i
2

N � 1

vuut
; with ave�xi� �

1

N

XN
j�1

xji

Note that users need to be warned of small values of �i, say, less than
10% of the mean value ave�xi�. There are two reasons for such a
small value of �i: 1) the actual range of the variable xi is about the
same magnitude as �i or 2) there are not enough data to model the
change of the response with respect to xi. Expert knowledge can be
used to determine which case it is. For example, in Table 1, the
ultimate load factor has the smallest ratio of �i=ave�xi�. The reason is
that the � values for civil transports are usually determined by FAA
regulation and do not have much variation. A warning will help
analysts to discover that among 41 subsonic transports, 26 of them
have the same ultimate load factor of 3.75. Therefore, any
relationship between the ultimate load factor and the wing weight
based on the given data set might be questionable.

Based on all the analyses performed so far, it seems natural not to
include the ultimate load factor as a design variable. The inclusion of
� as a design variable in Eqs. (6) and (7) is a legacy inherited from

military aircraft weight estimation practices, where � is a common
parameter in the design tradeoff and there is considerably greater
variation in the values of �. In fact, if we eliminate � from the
geometry model, then the backward variable screening guarantees a
marginal increase of fitting error (less than 1% as we mentioned
before). The statistical analysis of mean and variance in the data only
shows poor distribution of � values that could adversely impact any
attempt to find a meaningful relationship between wing weight and
�. In this paper, we are trying to find an accurate wing weight
estimation model that provides desirable trends for each of the sizing
design variables, span, reference area, taper ratio, and sweep angle
(cf. Subsection II.H), for some nominal value of �. Because we will
use interpolation methods to build wing weight models, there is no
theory on whether a particular variable is important for accuracy of
the fitting models. For each wing weight interpolation model
included in this paper, we also generated the corresponding
interpolation model without �. In almost all the cases, the
interpolation models with� have more desirable trends between and
beyond the data points than those without �. As a result, � will be
included as an input variable for RBF wing weight models in this
paper.

When RBF interpolation method is used for data fitting, scaling
each data component by its estimated standard deviation also helps to
improve the conditioning of the interpolation matrix. For illustration
purpose, consider the multiquadric RBF interpolation of the wing
weight data. The multiquadric RBF model is defined by

g�x� �
XN
j�1

�j’�d�x � xj�� (8)

where ’�t� � �������������
1� t2

p
is the multiquadric RBF, and d�x � xj� is a

parameterized distance between x and xj defined as

Fig. 5 Two-dimensional plots of wing weight vs configuration parameters.

Table 1 Estimated means and standard deviations of configuration

variables

Index Variable Min Max Mean [ave�xi�] Deviation (�i)

1 A 0.3 12.4 8.86 2.3
2 b 26.11 222.7 122.1 40.22
3 cm 7.78 86.17 16.26 12.83
4 cr 11.15 54.39 22.2 10.66
5 ct 3.62 16.16 7.35 2.96
6 s 542.5 8,200 2,019 1,589
7 tr 1.56 9.75 3.42 1.45
8 tt 0.34 1.65 0.8 0.25
9 tr=cr 0.11 0.22 0.16 0.03
10 tt=ct 0.06 0.17 0.12 0.03
11 �t=c�m 0.08 0.18 0.13 0.03
12 wto 26,000 800,000 163,806 175,787
13 � 0.20 0.61 0.35 0.1
14 � 0 55 11.91 15.83
15 � 3.75 5.3 4.06 0.46

Fig. 4 Backward variable selection for wing weight fitting by the

geometry model.
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d�x � xj� �
�����������������������������������Xn
i�1

�i

�
xi � xji
�i

�
2

s
(9)

The coefficients�1; . . . ; �N in Eq. (8) are determined by interpolation
conditions g�xk� � yk (k� 1; . . . ; N), where yk denotes the wing
weight of the kth subsonic transport. The scalars �1; . . . ; �n in Eq. (9)
are positive scalars that can be determined by minimizing the cross-
validation errors for the given data.

Without scaling, one could rewrite d�x � xj� as

d�x � xj� �
����������������������������������Xn
i�1

��i

�
xi � xji

�
2

s
; with ��i �

�i
�2
i

(10)

However, in practice, startingwithout any scaling [i.e., setting ��i � 1
in Eq. (10)] may lead to ill-conditioning of the interpolation problem
even though the mathematical theory guarantees the existence of a
unique multiquadric RBF interpolant for any given data points
�x1; y1�; . . . ; �xN; yN�. For eight input variables given in (7) and 41
data points, the condition number of the unscaled interpolation
matrix is 2:8 
 108, whereas the scaled interpolation matrix
[corresponding to �i � 1 in Eq. (9)] has a condition number of
2:7 
 105. The purpose of using two sets of scaling parameters in
Eq. (9) is to allow a nondimensional initial choice of �i � 1.

E. Principal Component Analysis of Wing Weight Data

For a limited number of historical or measurement data points in a
high-dimensional input space, a principal component analysis (PCA)
is recommended to check any collinearity of the input attributes of
the data points. The importance of using PCA for irregularly
distributed data points was discussed in Subsection 3.6 of [10].

For the wing weight data, not all the variables in (4) are truly
independent because subsonic wings were not built with randomly
generated configuration parameters. As a result, it is important to
check whether there is any linear dependency among the parameters
for the given data by using PCA. PCA of the data could lead to a
potential reduction of the dimension of the input space, resulting in
better wing weight models.

The wing configuration of each subsonic transport consists of 15
configuration parameters: b, cm, cr, ct, A, �, �t=c�m, tr=cr, tt=ct, s, tr,
tt, wto, �, and �. Because �t=c�m � �tr=cr � tt=ct�=2, the three
configuration parameters �t=c�m, tr=cr, and tt=ct are linearly
dependent. The redundant parameter �t=c�m is considered as a
potential input variable due to analysts’ preference of using �t=c�m as
an input variable instead of tr=cr and tt=ct [see Eq. (6)].

The PCA of the 15 configuration parameters is done as follows.
First, relabel the 15 parameters as variables x1; . . . ; xn and the 41
wing configurations as x1; . . . ; xN . Scale each variable by its

estimated standard deviation: x̂ji � xji=�i.
Next calculate the covariance matrix C of the scaled input vectors

x̂1; . . . ; x̂N :

C � 1

N � 1

XN
j�1

�x̂j � ave�x̂���x̂j � ave�x̂��T

where ave�x̂� � 1
N

P
N
j�1 x̂

j. Then the following spectral decom-

position of C can be used to analyze the collinearity of the input
parameters: C�P

n
i�1 �iu

i�ui�T , where �1 � �2 � 
 
 
 � �n � 0 are
the eigenvalues of C, and u1; . . . ; un are the corresponding unit
eigenvectors. In the PCA terminology, the unit vector ui is called the
ith feature vector of the sample set x̂1; . . . ; x̂N and the scalar x̂Tui is
called the ith principal component of x̂.

For the 15 wing configuration parameters of the 41 subsonic
transports listed in Table 1, the eigenvalues of C are 7.952, 2.757,
1.349, 0.861, 0.676, 0.565, 0.341, 0.187, 0.157, 0.096, 0.031, 0.019,
0.005, 0.003, and 0.000. The last eigenvalue 0 means linear
dependence of the 15 configuration parameters due to the linear
relationship �t=c�m � �tr=cr � tt=ct�=2. In fact, the three compo-
nents of u15 corresponding to �t=c�m, tr=cr, tt=ct are �0:45, �0:43,

and 0.78, whereas the remaining components of u15 are zero
(accurate up to two significant digits). The next two smallest
eigenvalues 0.003 and 0.005 also indicate nearly collinear
relationships among the 15 configuration parameters because of
specific locations of the 41 input vectors in the 15-dimensional space.
Such data-specific relationships are most likely to disappear when
new wing weight data are added to the existing data set. However,
one should exercise cautionwhen using aweight prediction of awing
configuration represented by x̂ with relatively large absolute values
of �x̂ � ave�x̂��Tu13 or �x̂ � ave�x̂��Tu14, because the data do not
contain much information on how the wing weight changes in terms
of these two quantities.

If tr=cr and tt=ct are excluded from the list of wing configuration
parameters, then the 13 eigenvalues of the correspondingC are 7.17,
2.17, 1.33, 0.758, 0.631, 0.312, 0.244, 0.179, 0.123, 0.047, 0.021,
0.016, and 0.004. It also suggests that one nearly collinear
relationship could be used to reduce the dimension of the input space
to 12, which is the same conclusion from the previous PCA.

If the PCA is applied to analyze the collinearity of the
configuration parameters in the two semi-empirical models (6) and
(7), then the smallest eigenvalue of C is 0.146 for configuration
parameters in model (6). However, for configuration parameters in
model (7), the two smallest eigenvalues of C are 0.082 and 0.019,
which indicates a higher level of collinearity among the input
variables in Eq. (7) than in Eq. (6).

Dimension reduction of the input space can be achieved by
choosing the first m (<n) principal components
�x̂ � ave�x̂��Tu1; . . . ; �x̂ � ave�x̂��Tum as the significant input
variables. If the data points cluster around an m-dimensional
subspace of then-dimensional input space, then the data only contain
information on how particular linear combinations of the original
input variables might affect the wing weight. See [11] or
Subsection 3.6 of [10] for details on reformulating the data fitting
problem in the m-dimensional feature space.

F. Subjective Choice of Input Variables

For the wing weight data fitting problem, the initial set of
candidates for input variables is a completely subjective choice.
There are many different ways to select a set of independent
configuration parameters, such as the two sets of parameters in
Eqs. (6) and (7). Even though replacing A by b in Eq. (6) yields a
mathematically identical model with appropriate choices of
regression coefficients ��1; . . . ; ��8, the same replacement will lead
to a completely different wing weight model if a general
approximationmodel is used. For example, if a quadratic polynomial
P2 is used as a wing weight model, then P2�A; s� � a0 � a1A�
a2s� a3A

2 � a4As� a5s
2 and P2�b; s� � �a0 � �a1b� �a2s�

�a3b
2 � �a4bs� �a5s

2 are two completely different models no matter
what are the values of ai and �ai. Similarly, different sets of input
variables of a general approximation model (such as polynomials,
radial basis functions, and Kriging model) will lead to different wing
weight models. Therefore, one must exercise caution in selecting
input variables for wing weight models.

To understand the effect of input variables, we shall fit the wing
weight data by the following two function models:

�w� g

�
b; cr; s;

tr
cr

; wto; �;�; �

�
or

�w� g

�
A; b; cm; cr; ct; s; tr; tt;

tr
cr

;
tt
ct
; wto; �;�; �

� (11)

The first model uses the input variables in Eq. (7), which are based on
system analysts’ knowledge of wing weight estimation. The second
model uses all the parameters in the wing weight data (except the
average of tr=cr and tt=ct). The second model is used for a
comparison study with the first model to understand how useful the
expert knowledge is for thewingweight datafitting. To eliminate any
dependency among the input variables, the final wing weight
estimation formula for conceptual design analysis should be either
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�w� g

�
b;

�s

b�1� �� ; s;
tr
cr

; wto; �;�; �

�
(12)

or

�w� g

�
b2

s
; b;

s

b
;

�s

b�1� �� ;
��s

b�1� �� ; s;
tr
cr

�s

b�1� �� ;

tt
ct

��s

b�1� �� ;
tr
cr

;
tt
ct
; wto; �;�; �

�
(13)

Note that Eqs. (12) and (13) capture the dependency relationships
between the wing weight and the input variables in Eq. (11) by using
only the independent variables in (4).

G. Interpolation of Wing Weight Data

For the given wing weight data, it is desirable to fit all the data
points exactly, i.e., interpolation of the wingweight data is desirable.
Therefore, we shall use four different interpolation methods for the
wing weight data fitting: least polynomial interpolation (LPI) [12–
14], RBF interpolation [15–17], Kriging interpolation [18], and
Gaussian process [19].Moreover, PCR using RBF interpolation [11]
is also used for the wing weight data fitting.

Let ’1�x�; . . . ; ’N�x� be functions of x. Then the multivariate
interpolation of the data f�x1; y1�; . . . ; �xN; yN�g by linear
combinations of ’1�x�; . . . ; ’N�x� is to find a functionP

N
j�1 �j’j�x� that satisfies the following interpolation conditions:

XN
j�1

�j’j�xk� � yk for k� 1; . . . ; N (14)

For RBF interpolation methods, we could use any of the following
RBF: cubic polynomial RBF ’�t� � t3, thin plate spline RBF

’�t� � t2 log t, multiquadric RBF ’�t� � �������������
1� t2

p
, and Gaussian

RBF ’�t� � exp��t2�, which can be used to model cubic,
(approximately) quadratic, and linear growth rates of the response as
well as exponential decay of the response for trend predictions. For
multiquadric RBF interpolation, ’j�x� � ’�d�x � xj�� [see Eq. (8)].
Except the least polynomial interpolation, all other interpolation
models use RBFs and have intrinsic model parameters �1; . . . ; �n in
d�x � xj� [see Eq. (9)]. The Gaussian process uses the maximum
likelihood for determining the optimal set of intrinsic model
parameters in Gaussian RBF, whereas cross-validation error
minimization is used to find the optimal model parameters for RBF
interpolation and Kriging interpolation.

One could also use PCA to transform the data into a feature space
and use an interpolation method in the feature space. The principal
component regression using RBF interpolation [11] is such an
example. Specifically, let v be the vector with m components
�x̂ � ave�x̂��Tu1; . . . ; �x̂ � ave�x̂��Tum. Then the N data points in the
x-space can bemapped toN points in thev-space. The corresponding
problem of fitting N data points �v1; y1�; . . . ; �vN; yN� can be solved
by using a standard interpolation method. If the solution of the data
fitting problem in the v-space is ĝ�v�, then the corresponding fitting
of the data points in the x-space is

�w� ĝf�x̂ � ave�x̂��Tu1; . . . ; �x̂ � ave�x̂��Tumg (15)

where x̂i � xi=�i are scaled variables.
By using different interpolation methods and different input

spaces, we can generate hundreds of wing weight interpolation
models for the wing weight data. Each of these wing weight models
fits the given data exactly, i.e., its value at xk is exactly yk for
k� 1; . . . ; N. Therefore, engineering criteria for desirable trends of a
wingweight model between and beyond the data points shall be used
to verify which wing weight model is useful for conceptual design of
subsonic transports.

H. Verification of Wing Weight Models

In general, a desirable wing weight model should have the
following properties: the estimated wing weight w is an increasing
function with respect to each of b, s, �, and�; andw is a decreasing
function with respect to tr=cr. These properties are derived from
simple engineering rules on the relationships between the wing
weight and each of configuration parameters b, s,�,�, and tr=cr. All
the constructed wing weight models will be evaluated against these
empirical rules. Of course, a more meaningful validation of the
usefulness of a constructed approximation is to see whether
conceptual aircraft design using the constructed approximation for
weight estimation can produce better aircraft concepts, but such a
task is beyond the scope of this paper.

III. Numerical Results

The numerical experiments are designed to demonstrate how input
space, interpolation model, and PCR would affect the behaviors of
the resultingwingweightmodel between and beyond the data points.
Two-dimensional plots are used to compare various wing weight
estimation models including the geometry model (7), least
polynomial interpolation, Kriging interpolation, Gaussian process,
Gaussian RBF interpolation, multiquadric RBF interpolation, and
multiquadric PCR.

Each curve is generated by fixing all the input variables in
Eqs. (12) or (13) to the corresponding values of one transport
configuration (labeled as baseline in figures) except the variable used
in the horizontal axis of the plot. For each of thefive input variablesb,
s, tr=cr, �, and �, we examine 41 curves corresponding to the 41
transports for wing weight trend vs the input variable. The selected
plot shows a representative trend in these 41 curves. In some plots,
we also include the 41 data points. Because each plotted point shows
only the wing weight and the value of the specified input variable,
two points close to each other do not necessarily mean similar
configurations. Note that each curve is the intersection of the graph of
a wing weight estimation function and a two-dimensional plane
(called plotting plane hereafter). To give a perception on how far a
data point is from the plotting plane, we divide the data points into
three groups: 1) the baseline, 2) distance to the plotting plane� 0:8,
and 3) distance to the plotting plane >0:8. Here the distance from a
data point to the plotting plane is computed by using the following
normalized distance between two input vectors of seven
components:��

b�bj

��b�
�

2

�
�
s�sj
��s�

�
2

�
�
tr=cr� tr;j=cr;j

��tr=cr�
�

2

�
�
wto�wto;j

��wto�
�

2

�
�
���j

����
�

2

�
�
���j

����
�

2

�
�
���j

����
�

2
�
1=2

where the standard deviation ��
� of each variable is estimated by
using the 41 data points.

A. Avoiding Chord Approximation Errors

The chord approximation (5) is not accurate and could have an
adverse effect on wing weight models if improperly used. Here we
use the multiquadric PCR fitting to showwhat might gowrong when
Eq. (11) is used in trade studies.

For an interpolation model g�x� with the eight input variables in
Eq. (7) as the components of x, it is natural to define the data points
x1; . . . ; xN as follows:

xj1 � bj; xj2 � cr;j; xj3 � sj; xj4 �
tr;j
cr;j

xj5 � wto;j; xj6 � �j; xj7 ��j; and xj8 � �j

(16)

The corresponding interpolation conditions are

g

�
bj; cr;j; sj;

tr;j
cr;j

; wto;j; �j;�j; �j

�
� wj; for 1 � j � N (17)

ROCHA, LI, AND HAHN 1931



However, in a trade study of w vs s near an existing subsonic
transport, say the kth transport, the two-dimensional plot shows the
following relationship:

�w� g

�
bk;

�s

bk�1� �k�
; s;

tr;k
cr;k

; wto;k; �k;�k; �k

�
(18)

where cr is replaced by the chord approximation formula in Eq. (5).
Equation (5) is not accurate. For the 41 subsonic transports, the

standard deviation of jcr;j � �sj=�bj�1� �j��j is 73% of the average
of cr;j. In the worst case, jcr;j � �sj=�bj�1� �j��j is 3.5 times of
cr;j, which leads to a significant difference between wk�
g�bk; cr;k; sk; tr;k=cr;k; wto;k; �k;�k; �k� and g�bk; �sk=�bk�1�
�k��; sk; tr;k=cr;k; wto;k; �k;�k; �k�.

To avoid chord approximation errors in trade studies, we shall use
the following interpolation conditions if the variables in Eq. (7) are
used as the input variables:

g

�
bj;

�sj
bj�1� �j�

; sj;
tr;j
cr;j

; wto;j; �j;�j; �j

�
� wj;

for 1 � j � N

i.e., the chord approximation formula shall be used before the data
fitting. Similarly, if all the variables in Table 1 except �t=c�m are used
as the input variables, then the following interpolation conditions
shall be used to construct wing weight estimation models:

g

�
b2
j

sj
; bj;

sj
bj

;
�sj

bj�1� �j�
;

��jsj
bj�1� �j�

; sj;
tr;j
cr;j

�sj
bj�1� �j�

;


 tt;j
ct;j

��jsj
bj�1� �j�

;
tr;j
cr;j

;
tt
ct
; wto;j; �j;�j; �j

�
�wj

for 1 � j � N. In other words, we shall use either Eq. (12) or (13)
directly for wing weight data fitting instead of Eq. (11).

Using the chord approximation before the data fitting not only
makes the final wing weight model in Eq. (12) or (13) reproduce the
exact wingweight for each existing subsonic transport, but also leads
to wing weight models with more desirable two-dimensional trends.
See Fig. 6 for typical plots of the wingweight vs the reference area or
span, where the wing weight model generated by applying the chord

approximation before multiquadric PCR fitting has the most
desirable trends. In fact, both span and reference area plots presented
in Fig. 6 show that the wing weight model generated by applying the
chord approximation before multiquadric PCR (solid line) has the
most desirable trends among the three models: it is an increasing
function of reference area and it is also an increasing function of span
except for very small unrealistic span values (less than 40 ft). (Note
that for a baseline with span of about 125 ft, a new configuration with
the same reference area and span of 40 ft will have to increase the
chord lengths of the baseline by 200%, which is absurd.) In contrast,
the geometry model has the desired trend for reference area but a
wrong trend for span; and the chord approximation after
multiquadric PCR just does not have desirable trends for these two
sizing design variables.

B. Effect of Subjective Variable Selection

It would be ideal if PCR would not be affected by inclusion of
nonessential variables as input variables of awingweightmodel. The
reality is that expert knowledge does make a difference in the
generated wing weight model. The following plots compare the
multiquadric PCRfittings corresponding towingweightmodels (12)
and (13), as well as the multiquadric RBF interpolants. In almost all
2-D plots, the fittings generated with the eight input variables have
more desirable trends between and beyond the data points than the
fittings generated with the 14 input variables. Two plots in Fig. 7
show the wing weight trends with respect to the reference area and
span, respectively. For the wing weight data fitting problem, if a
wrong set of input variables is used in data fitting, then the generated
wing weight model might have poor trend predictions no matter
which method is used. Among all the models in Fig. 7, only the
multiquadric RBF fitting with eight variables (solid line) has the
desired trends for both sizing design variables: wingweight increases
as either reference area or span increases in a reasonable range.

C. Comparison of Interpolation Models

Figure 8 shows two-dimensional sample plots of wing weight
models generated by different interpolation methods. For the wing
weight fitting problem, Kriging and Gaussian RBF interpolants tend
to create unnecessary oscillations between data points. One reason is
that the basis functions ’�d�x � xi�� decreases at the exponential rate
as d�x � xi� increases (or the configuration is away from the existing
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Fig. 6 Differences between using chord approximation formula (3) before and after multiquadric PCR fitting.
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configurations). LPI is extremely sensitivewith respect to data points
and LPI of the 41wing data points is very oscillatory. In comparison,
an appropriate choice (multiquadric) of RBFs leads to nonoscillatory
trend predictions of the approximation. Gaussian process generates a
Gaussian RBF interpolant as the wing weight model, which is
labeled as Tpros fitting in Fig. 8 because the software code, Tpros, by
Gibbs and MacKay is used to generate the solution [19]. The only
difference between Tpros fitting and the standard Gaussian RBF
interpolant (labeled as Gaussian fitting in Fig. 8) is that the former
uses maximum likelihood whereas the latter uses minimization of
cross-validation error for model parameter tuning. For the wing
weight data fitting problem, Tpros fitting is better than the Gaussian
fitting; however, one could see the eventual decay of Tpros fitting as
the reference area or span is at the upper end of the plotted range. For
the given wing weight fitting problem, by inspecting the generated
plots, the multiquadric PCR fitting has themost desirable trends with
respect to reference area or span.

D. Benefits of Principal Component Regression

The motivation of using PCR is to customize the fitting model to
capture the trends in the wingweight data correctly. Inmost cases we
examined, the multiquadric PRC fitting has more desirable trend
predictions than the other wing weight models, as shown in the
following four plots in Fig. 9, as well as those in Figs. 6–8.

Note that Fig. 9 presents a typical plot selected from a large set of
plots inspected. Almost all the 2-D plots for the multiquadric PCR
fitting exhibit the desirable properties specified in Subsection II.H, at
least in a neighborhood of the baseline data point. In few cases, the
wing weight is not a decreasing function of thickness-to-chord ratio
at root. In many cases, the wing weight is not an increasing function
of taper ratio. No generatedwingweightmodel is capable of showing
an increase of wing weight as taper ratio decreases. Perhaps the wing
weight data do not have sufficient information about the relationship

between wing weight and taper ratio. Note that the 2-D plot for wing
weight vs taper ratio in Fig. 5 shows a random relationship between
wing weight and taper ratio. In general, the multiquadric PRC fitting
has more desirable 2-D trends than the geometry model (7), with
respect to the criteria given in Subsection II.H. For example, in the 2-
D plot of wingweight vs span, the geometry model (7) has the wrong
trend whereas the multiquadric PRC fitting has the desired trend
before span becomes unrealistically small.

IV. Concluding Remarks

It is very easy to fit a set of data exactly by various interpolation
methods no matter how the data points are distributed, but
interpolationmodels can be drastically different between and beyond
the data points, even if they are identical at the given data points. For a
set of wing weight data of 41 subsonic transports, we compare the
wing weight models generated by a semi-empirical regression
method, radial basis function interpolation, Kriging interpolation,
Gaussian process, least polynomial interpolation, and principal
component regression using multiquadric RBF. All of the intrinsic
model parameters for RBFs are determined byminimizing the cross-
validation errors, except that theGaussian process uses themaximum
likelihood to determine the intrinsic model parameters for Gaussian
RBF.

In the conceptual design of subsonic transports, a generally
desired feature for a useful wing weight model is monotonicity (i.e.,
either increasing or decreasing) of the predicted wing weight with
respect to each ofwing configuration parametersb, s, tr=cr,�, and�.
If we relabel the input variables as x, then a wing weight model is a
multivariate function g�x�. To check monotonicity of g�x� with
respect to an input variable xi, we first fix all the other variables xj
(j ≠ i) and then plot g�x� as a function of xi. However, it is
impossible to check all the 2-D curves of g�x� with respect to xi for
infinitely many different values of xj (j ≠ i). Therefore, we only
check those 2-D curves that pass through one of the 41 data points
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0 50 100 150 200 250
0

1

2

3

4

5

6

7

8

9 x 104

W
in

g 
w

ei
gh

t

Span

Multiquadric PCR fitting
Multiquadric fitting
Geometry model
Baseline #1
Distance to plotting plane ≤ 0.8
Distance to plotting plane > 0.8

0 0.05 0.1 0.15 0.2 0.25
0

1

2

3

4

5

6

7

8

9 x 104

W
in

g 
w

ei
gh

t

Thickness−to−chord ratio

Multiquadric PCR fitting
Multiquadric fitting
Geometry model
Baseline #35

Distance to plotting plane ≤ 0.8
Distance to plotting plane > 0.8

0 10 20 30 40 50 60
0

1

2

3

4

5

6

7

8

9 x 104

W
in

g 
w

ei
gh

t

Sweep

Multiquadric PCR fitting
Multiquadric fitting
Geometry model
Baseline #41
Distance to plotting plane > 0.8

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

1

2

3

4

5

6

7

8

9 x 104

W
in

g 
w

ei
gh

t

Taper Ratio

Multiquadric PCR fitting
Multiquadric fitting
Geometry model
Baseline #28
Distance to plotting plane ≤ 0.8
Distance to plotting plane > 0.8

Fig. 9 Differences between multiquadric PCR fitting and multiquadric fitting.
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(corresponding to the 41 subsonic transports). Except for the
relationship between w and �, almost all 2-D curves for the PCR
using multiquadric RBF exhibit more desirable monotone trends
than the other wing weight models. No wing weight model
(including the semi-empirical regression model) shows a monotone
relationship between w and �, which might indicate a lack of
information on the relationship between w and � in the data.

Principal component analysis that identifies the feature variables
for the given data is a powerful tool to customize a wing weight
model in an appropriate feature space for better trend predictions.
PCR using multiquadric RBF interpolation incorporates data
mining in a standard approximation process so that the resulting
approximation is more likely to capture the correct trends in the data.
Least polynomial interpolant is more likely to oscillate between the
data points than RBF interpolants. Among RBF interpolants,
Gaussian RBF and Kriging interpolants are more likely to perform
poorly due to the exponential rate of decay of the Gaussian RBF as
the distances between the estimation point and the data points
increase.

Variable screening could be a powerful tool for reducing the
dimension of the input space of approximation models if applicable.
For wing weight data fitting, most of the commonly used variable
screening methods cannot be applied. If a parametric regression
model (such as a semi-empirical regression model) is used for data
fitting, backward variable selection could be useful to identify
insignificant variables. In general, expert knowledge on significant
input variables could have a significant effect on whether the con-
structed approximation model captures physical trends buried in the
data.

The significance of this study is that PCR using RBF interpolation
method is able to generate a general approximation model for wing
weight estimation that is more accurate and has more desirable
properties than the best semi-empirical wingweightmodel available.
Even though the benefits of using PCR are only demonstrated by the
wing weight data fitting problem, the methodology could have
significant advantages in fitting other historical or sparse data.

Appendix A: Multiquadric PCR Fitting Formula

The wingweight model based on themultiquadric PCR fitting can
be expressed as follows:

�w� g

�
b;

�s

b�1� �� ; s;
tr
cr

; wto; �;�; �

�
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X41
j�1

�j

�������������������������������������������
1�

X7
i�1

�i

�
vi � vji

�
2

vuut (A1)

The variables, parameters, and fitting coefficients in Eq. (A1) are
defined as follows.

Choice of Input Variables: x1 � b (span), x2 � �s=�b�1� ��� (the
approximation of chord length at root) with � � 1:9739 (the average
of �cr � ct�=cm values for the 41 existing subsonic transports),
x3 � s (reference area), x4 � tr=cr (thick-to-chord ratio at root),
x5 �wto (grossweight), x6 � � (taper ratio), x7 �� (sweep angle in
radius), and x8 � � (ultimate load factor).

Mean and Standard Deviation of Input Variables: Let ave�x� be
the mean of the sample vectors. That is, ave�x� denotes the column
vector whose i component is the mean of x1i ; . . . ; x

41
i . Then

ave �x�1 � 122:10; ave�x�2 � 24:124

ave�x�3 � 2019:0; ave�x�4 � 0:1614

ave�x�5 � 163806; ave�x�6 � 0:3519

ave�x�7 � 11:915; ave�x�8 � 4:0612

Let �i be the standard deviation of the sample points x1i ; . . . ; x
41
i :

�1 � 40:225; �2 � 19:710; �3 � 1589:4

�4 � 0:0299; �5 � 175787; �6 � 0:0953

�7 � 15:834; �8 � 0:4601

Note that ave�x�2 and �2 are different from the sample mean and
standard deviation of the chord length at root (cf. Table 1) because the
chord approximation formula is used.

Normalized Input Variables: Let �x̂� ave�x̂�� be the component
scaling of �x � ave�x�� by �1; . . . ; �8, i.e.,

�x̂ � ave�x̂��i � �xi � ave�x�i�=�i for 1 � i � 8 (A2)

SelectedFeature Vectors: Letu1; . . . ; u7 be the seven eigenvectors
corresponding to the largest seven eigenvalues of the covariance
matrix C defined by the sample vectors x1; . . . ; x41. Then

�u1; u2; . . . ; u7� �

�0:2291 0:3122 �0:0018 0:0134 �0:1162 0:5704 �0:3528
�0:2574 �0:2633 �0:2429 �0:1802 0:6830 �0:3455 �0:2907
�0:3545 0:1703 0:0332 �0:1499 0:2003 0:3035 �0:4406
�0:1801 �0:5427 �0:5800 �0:0019 �0:0748 0:4800 0:3083
0:8148 �0:1938 �0:1289 �0:1883 0:0763 0:2182 �0:4381
0:0810 �0:2525 0:6057 0:2670 0:5161 0:3986 0:2557

�0:2290 �0:6363 0:4211 �0:0897 �0:4494 �0:1199 �0:3717
�0:0160 0:0585 0:2065 �0:9111 0:0101 0:1093 0:3262

0
BBBBBBBBBB@

1
CCCCCCCCCCA

Input Variables in Feature Space: The ith component of the input
vector v in the feature space is defined as follows:

vi � �x̂ � ave�x̂��Tui for 1 � i � 7 (A3)

Sample Vectors in Feature Space: The corresponding sample
vectors in the v-space are denoted by v1; . . . ; v41, i.e., the ith
component of vj is �x̂j � ave�x̂��Tui for 1 � i � 7. The sample
vectors vj (1 � j � 41) are listed as the rows in Appendix B.
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Coefficients for RBF Interpolation Formula: Let ’�t� �
�������������
1� t2

p
.

Then the basis functions for interpolation in the v-space are
’�d�v� v1��; . . . ; ’�d�v� v41��, where

d�v� vj��
������������������������������������������������������������������������������������������������������
�1

�
v1 � vj1

�
2 � �2

�
v2 � vj2

�
2 � . . .� �7

�
v7 � vj7

�
2

r

The multiquadric PCR fitting of the 41 subsonic transport data has
the following expression:

ĝ�v� �
X41
j�1

�j’�d�v� vj�� �
X41
j�1

�j

�����������������������������������������
1�

X7
i�1

�i�vi � vji �2
vuut

Here are the values of coefficients �i and �j:

�1 � 1:7613; �2 � 0:9916; �3 � 2:0715;

�4 � 3:0030; �5 � 0:0013; �6 � 0:3279;

�7 � 1:6528

and

�1 ��3913:7; �2 � 4888:9; �3 ��3349:1
�4 ��938:81; �5 ��48944; �6 ��4336:6
�7 ��6396:4; �8 � 13653; �9 � 41055

�10 � 3309:5; �11 ��1204:0; �12 � 5276:5

�13 � 4820:6; �14 ��6161:0; �15 � 4146:2

�16 ��6110:6; �17 ��1889:2; �18 ��1248:6
�19 � 4113:9; �20 � 11449; �21 � 7762:5

�22 � 153645; �23 ��168989; �24 ��961:38
�25 ��6400:0; �26 � 4174:1; �27 ��3945:2
�28 ��6414:3; �29 ��9:2846; �30 � 1527:4

�31 � 6609:7; �32 � 3838:7; �33 ��3023:2
�34 ��9912:2; �35 � 1029:0; �36 � 10770

�37 � 345:13; �38 � 4849:0; �39 ��2145:5
�40 � 5201:7; �41 � 121:28

Wing Weight Estimation for Given Design Variables: For any
given b, s, tr=cr, wto, �, �, and �, set x1 � b, x3 � s, x4 � tr=cr,
x5 �wto, x6 � �, x7 ��, x8 � �, and calculate
x2 � �s=�b�1� ���. Then use Eqs. (A2) and (A3) to get the values
for v1; . . . ; v7, which can be substituted into the last formula in
Eq. (A1) to get a wing weight estimate �w.

Appendix B: Sample Data in Feature Space

Table B1 Feature vectors of 41 subsonic transports

Index v1 v2 v3 v4 v5 v6 v7

1 0.2821 �0:3211 0.5107 1.3519 1.0303 1.1564 1.0329
2 0.0546 0.2705 �0:1641 0.6815 �0:3009 �0:1528 �0:0787
3 �0:1699 0.4908 �0:0041 �1:5064 �0:0082 0.0224 1.6621
4 0.2261 �0:0719 0.6079 0.9109 �0:3922 �1:2644 0.6031
5 0.1488 0.1504 0.0742 �0:1464 �0:7024 �0:8031 �2:2813
6 0.9398 �1:1394 �1:1243 �0:9925 �0:1566 1.7183 �4:4064
7 �0:0957 0.3665 0.0802 0.3906 �1:3973 �1:9795 �0:3881
8 0.0854 0.0440 0.0454 �0:1451 �0:8322 �0:6898 �2:2883
9 0.1423 0.0382 �0:0391 �0:2106 �0:8223 �0:7055 �2:4037
10 0.4129 0.6750 1.2043 �1:8930 0.0541 �0:6066 2.3086
11 0.1300 �0:0985 0.9569 �0:6266 0.6524 0.5956 2.3686
12 0.1199 �0:1598 0.3030 1.3808 0.4659 0.1852 1.5867
13 �0:4217 0.6821 �1:7347 0.3230 �0:4834 0.8294 �0:5581
14 �0:1330 �0:5891 �0:8563 0.5289 0.3165 1.6930 1.1062
15 0.0933 0.0187 0.8535 �0:0953 0.7159 0.6952 1.8461
16 0.0261 �0:1555 0.5816 �0:1914 0.7958 0.8317 1.7481
17 �0:0754 0.2219 1.6175 0.0749 1.3617 1.6791 1.3740
18 �0:2046 �0:2366 �0:5746 �0:9931 �0:4920 0.3568 1.8988
19 �0:1654 �0:0132 �0:5169 �1:7190 �0:3625 0.4770 2.2744
20 �0:1348 �0:0917 �0:7876 �0:5331 �0:3748 0.3370 1.8438
21 �0:1953 �0:2597 �0:6765 �0:5568 �0:4934 0.3054 1.7457
22 �0:0953 �0:2008 �0:7828 �0:5160 �0:3447 0.0974 2.0251
23 �0:0679 �0:1994 �0:7870 �0:5229 �0:3467 0.1225 1.9987
24 0.0137 �0:1377 �0:5676 0.2886 �0:1506 0.0205 1.6877
25 0.2411 0.6853 �0:4202 0.8100 �0:3256 �0:6705 0.7148
26 0.0804 0.6238 �0:5825 0.7403 �0:1587 �0:3228 0.3660
27 �0:2457 �0:5890 0.0106 0.3349 �1:0982 �1:0073 �0:6732
28 0.1676 0.5850 �1:0124 0.4890 �0:1132 0.2835 �0:2821
29 0.1059 �0:1514 0.3690 1.2962 0.8718 1.1871 0.9002
30 0.4782 0.5746 0.3637 0.9893 0.4088 �0:5538 0.5838
31 �0:9439 �1:3704 1.4083 0.4049 �1:0293 �0:5203 �1:4615
32 0.2178 �0:3327 1.5302 �0:6804 �0:8494 �1:9863 0.8840
33 �1:5118 0.8732 0.4282 �0:4440 1.3318 1.6690 �4:2690
34 �0:8315 0.1176 0.4907 0.0695 �0:5822 0.3274 �2:4225
35 �0:0243 �1:0734 0.1186 0.2360 �0:5904 0.0389 �1:2920
36 �0:0308 1.4762 �0:3011 0.4621 �0:0768 �1:2243 �0:4474
37 �0:1826 �0:7509 �1:1894 0.5530 4.2036 �4:0953 �1:5312
38 0.1434 0.2216 0.5328 0.1776 �0:0950 0.1336 �2:0311
39 0.8943 0.4436 0.1375 �0:6112 0.7163 1.9151 �4:5534
40 �0:0598 �0:5916 �0:8368 1:1935 �0:1079 0.4788 1.7832
41 0.5861 �0:0250 0.7332 �0:1973 �0:2380 �0:2741 �2:9745
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